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The relativistic conception of space and time is challenged by the quantum nature of physical
observables. It has been known for a long time that Poincare´ symmetry of field theory can be ex-
tended to the larger conformal symmetry. We use these symmetries to define quantum observables
associated with positions in space-time, in the spirit of Einstein theory of relativity. This concep-
tion of localisation may be applied to massive as well as massless fields. Localisation observables
are defined as to obey Lorentz covariant commutations relations and in particular include a time
observable conjugated to energy. Whilst position components do not commute in presence of a non-
vanishing spin, they still satisfy quantum relations which generalise the differential laws of classical
relativity. We also give of these observables a representation in terms of canonical spatial positions,
canonical spin components and a proper time operator conjugated to mass. These results plead for
a new representation not only of space-time localisation but also of motion.
I. INTRODUCTION
Space and time are now considered as closely linked
to each other. This is a consequence of relativistic con-
ceptions of space-time which rely on the notion of events
localised both in space and time [1]. Time comparison
between remote clocks is performed through synchronisa-
tion procedures built on the transfer of electromagnetic
signals and distance measurement is performed through
localisation procedures built on two-way transfer. These
ideas are now included in metrological definitions of time
and space units as well as in a number of practical appli-
cations [2]. It is worth emphasizing that the space and
time associated with an event are physical observables
delivered by specifically designed apparatus. In partic-
ular, the time associated with a given event does not
evolve and must therefore be clearly distinguished from
any evolution parameter which may be used to write dy-
namical laws and conservation laws. At the same time,
the physical observables describing space-time positions
cannot be confused with classical coordinate parameters
on a space-time map. Their definition has to reach lim-
its associated with the quantum nature of the physical
world [3]. More profoundly, these observables certainly
belong to the quantum domain, like atomic clocks used
for time definition and electromagnetic signals used for
synchronisation or localisation.
The problem of space-time localisation however raises
challenging issues in the context of standard quantum
formulations. The definition of space positions is del-
icate in the presence of spin [4–8]. Moreover, time is
usually treated as a classical parameter rather than as
an operator [9] and the difference in the description of
space and time variables leads to considerable difficul-
ties in the attempts to build quantum and relativistic
theories of gravity [10,11]. More generally, the represen-
tation of evolution remains a challenge in any quantum
framework where the prime roles are played by conserved
quantities [12–14]. In the present paper, we show that at-
taching more importance to the symmetry properties of
the physical theory allows to progress towards a solution
of these difficulties.
The advent of relativity theory was mainly based upon
the symmetry of electromagnetism under Lorentz trans-
formations. Connecting localisation in space-time to
propagation of electromagnetic pulses, Einstein was able
to derive the relativistic transformations of space and
time variables. He then discovered the law of inertia of
energy as a consequence of conservation of the gener-
ators associated with Lorentz boosts [15]. Shortly after
the birth of relativity, Bateman and Cunningham showed
that Lorentz symmetry of electromagnetism can be ex-
tended to the larger group of conformal coordinate trans-
formations [16] which preserve Maxwell equations while
fitting the relativistic definition of uniformly accelerated
motion. The conservation of generators associated with
this symmetry was soon established [17]. Conformal sym-
metry implies that the propagation of electromagnetic
fields is not sensitive to a conformal variation of the met-
ric tensor, that is a change of space-time scales preserving
the velocity of light [18].
The interpretation of conformal symmetry as a general
symmetry of the laws of physics has exerted an obvious
attraction on a number of physicists but it received at the
same time severe objections from other ones and some-
times from the same ones [19–25]. A recurrent matter of
debate is the physical significance of the conformal gen-
erators. Another one is the pertinence of conformal sym-
metry for massive fields or massive objects. It has been
known for long that mass has to vary under conformal
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transformations so that massive field theories have be
modified to remain invariant [26,27]. The modification
reduces to a transformation of the mass parameter ap-
pearing in the equations, which simply means that mass
scales vary as reciprocals of space-time scales under con-
formal transformations. Clearly, this behaviour has to be
expected from the dimensional relation which connects
mass and space-time as soon as the velocity of light c
and the quantum constant h¯ are treated as fundamental
constants [27–30]. Despite these attractive features and
the lasting efforts of many physicists, among which those
of Barut [31], a full recognition of the value of conformal
symmetry as an enlarged form of Lorentz symmetry has
not already been reached.
The purpose of the present paper is to convince the
reader that conformal symmetry is an appropriate tool
for addressing the questions raised in the beginning of
the Introduction. Conformal symmetry allows to give
definitions of space-time observables associated with an
event and to show that these definitions fulfill satisfactory
quantum and relativistic properties [32–34]. Space-time
observables are built on the conformal generators, that is
the conserved quantities associated with conformal sym-
metry. The conformal algebra, that is the commutators
of conformal generators, not only fixes the quantum com-
mutators of observables but also their relativistic shifts
under changes of reference frames. In particular, the shift
of mass under transformations to accelerated frames may
be read as defining the space-time observables, in consis-
tency with the redshift of energy and momentum known
from classical relativity [35].
When a specific quantum event like the annihilation of
an electron-positron pair into a pair of photons is con-
sidered, it becomes clear that the space-time position of
the annihilation event may be defined, roughly speak-
ing, as the point of coincidence of the two emitted elec-
tromagnetic pulses. This definition thus enters the gen-
eral framework of space-time localisation which has been
outlined previously. It nevertheless applies to massive
objects such as electron and positron present before the
annihilation as well as to massless objects such as the
emitted photons, as a direct consequence of conservation
laws. The formalism presented in the present paper will
allow us to account quantitatively for the various disper-
sions associated with the quantum nature of the event.
We will then propose further arguments pleading for
the physical significance of conformal symmetry. We will
use transformation properties of space-time observables
to define a conformal factor which plays the role of a
metric factor while pertaining to the world of quantum
observables. We will also exhibit an equivalent repre-
sentation of space-time observables in terms of canonical
variables.
II. CONFORMAL ALGEBRA
To introduce the algebra of conformal transformations,
it is convenient to consider general deformations of a co-
ordinate map which represent changes of frame as Lie
transformations
xµ → xµ + δµ(x) (1)
where δµ are polynomial functions of coordinate param-
eters x. A commutator between two deformations a and
b may be introduced as the difference between the com-
posed deformations a◦b and b◦a. The difference between
the images of a point x through the two deformations is
determined by the Lie commutator
δ
µ
(a,b) = δ
ν
b
∂δµa
∂xν
− δνa
∂δ
µ
b
∂xν
(2)
Transformations are performed around an inertial frame,
so that tensor indices are raised or lowered by using the
Minkowski tensor
ηµν = diag (1,−1,−1,−1) (3)
We consider here the transformations corresponding re-
spectively to translations Pν , rotations Jνρ, dilatation D
and conformal transformations to uniformly accelerated
frames Cν
δ
µ
Pν
(x) = ηµν
δ
µ
Jνρ
(x) = ηµν xρ − η
µ
ρxν
δ
µ
D(x) = x
µ
δ
µ
Cν
(x) = 2xνx
µ − ηµν xρx
ρ (4)
ηµν denotes a Kronecker symbol.
In quantum field theory, the generators of conformal
transformations identify with integrals over a space-like
surface of stress tensor components weighted by func-
tions (4) representing map deformations [36]. These gen-
erators are quantum observables associated with a given
field state and defined in such a manner that they vanish
in vacuum. Such a definition is allowed by the confor-
mal invariance of vacuum [37]. The generators are con-
served quantities which are used in the following to char-
acterise field states. Their commutators are consistent
with Lie commutators (2) and they therefore determine
the quantum commutation relations as well as the rela-
tivistic shifts of field states under frame transformations
[38]. The conformal algebra is described as the set of
these commutators
(Pµ, Pν) = 0
(Jµν , Pρ) = ηνρPµ − ηµρPν
(Jµν , Jρσ) = ηνρJµσ + ηµσJνρ − ηµρJνσ − ηνσJµρ
(D,Pµ) = Pµ
(D, Jµν) = 0
2
(Pµ, Cν) = −2ηµνD − 2Jµν
(Jµν , Cρ) = ηνρCµ − ηµρCν
(D,Cµ) = −Cµ
(Cµ, Cν) = 0 (5)
The notation (∆a,∆b) is taken from Lie commutators
(2). Quantum commutators [∆a,∆b] are given for any
generators ∆a and ∆b, and more generally for any ob-
servables, by the correspondance rule
(∆a,∆b) ≡
1
ih¯
[∆a,∆b] (6)
Double commutators obey the Jacobi identity
((∆a,∆b) ,∆c) = (∆a, (∆b,∆c))− (∆b, (∆a,∆c)) (7)
A dot will denote the symmetrised product of operators
∆a ·∆b ≡
1
2
{∆a∆b +∆b∆a} (8)
III. SPACE-TIME OBSERVABLES
As discussed in the Introduction, localisation of an
event in space-time is performed using a field state
which, like the field state produced by annihilation of
an electron-positron pair, contains photons propagating
in at least two different directions. Using the energy-
momentum variables Pµ associated with this field state,
we define a non vanishing mass M from the Lorentz in-
variant
M =
√
ηµνPµPν =
√
PµPµ (9)
Energy-momentum variables Pµ are conserved in the
annihilation process and characterize the state of the
electron-positron pair existing before the annihilation as
well as that of the two-photon state produced by the anni-
hilation. As a consequence, the mass is also conserved in
the process. This is also true for the emission-absorption
processes considered by Einstein in his derivation of in-
ertia of energy [15].
Space-time observables Xµ, associated with the locali-
sation in space-time of the event, may be built up on the
translation, rotation and dilatation generators [33]
Xµ = Jνµ ·
P ν
M2
+D ·
Pµ
M2
(10)
In a simple semi-classical approach, the two photons may
be thought as point-like energy distributions propagat-
ing along straight lines representing idealised light rays.
These two rays are thus considered to intersect each other
at the space-time position of the annihilation event. In
this context, the observables (10) may be identified with
the point of intersection of the two light pulses [33]. This
description is consistent with a classical conception of
localisation of events in space-time [1].
Equation (10) provides a more general definition of lo-
calisation in space-time which is in particular compatible
with the dispersions associated with the quantum nature
of the event. Clearly, electron and positron cannot be
considered as point-like structures and they bear spin.
The emitted photons obey the laws of diffraction and can-
not be identified with dimensionless points propagating
along idealised light rays. As a consequence, the position
of the annihilation event, defined by the coincidence of
the two photons, is a fuzzy spot with a dimension of the
order of Compton wavelength rather than a sizeless point.
The definition (10) leads to a fully quantum description
of space-time localisation. In more formal words, such a
description involves the enveloping field associated with
conformal symmetry, that is the space of rational expres-
sions of conformal generators. The observables Xµ are
defined in the enveloping field while forthcoming results
are obtained through direct computation in this space.
Using the Jacobi identity (7), we show from conformal
algebra (5) that the observables Xµ are shifted under
translations, dilatation and rotations exactly as expected
from classical relativity
(Pν , Xµ) = −ηµν
(D,Xµ) = −Xµ
(Jµν , Xρ) = ηνρXµ − ηµρXν (11)
The first result means that components of positions obey
canonical commutation relations with momenta. In con-
trast to the situation encountered in standard interpreta-
tions of the quantum formalism [9], a time operator has
now been defined and energy-time besides momentum-
space canonical commutation relations have been ob-
tained. Furthermore, these relations satisfy an explicit
Lorentz covariance. This result, as well as the two other
ones, convincingly pleads for the interpretation of ob-
servables Xµ as positions in space-time associated with
a quantum event.
Using the position observables (10), it is possible to
write angular momentum components Jµν as sums of ex-
ternal contributions which have their usual form in terms
of momenta and positions and of internal observables Sµν
Jµν = Pµ ·Xν − Pν ·Xµ + Sµν
Sµν = ǫµνρσS
ρP
σ
M
Sµ = −
1
2
ǫµνρσJνρ
Pσ
M
(12)
The vector Sµ is the Pauli-Lubanski vector, a covariant
generalisation of spin, while ǫµνλρ is the antisymmetric
Lorentz tensor [36]. Spin is transverse with respect to
energy-momentum
PµSµν = PµS
µ = 0 (13)
and is invariant under translations and dilatation while
being rotated as a vector under rotations
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(Pµ, Sρ) = (D,Sρ) = 0
(Jµν , Sρ) = ηνρSµ − ηµρSν (14)
Spin components obey simple commutation relations
(Sµ, Sν) = Sµν (15)
The redshift laws for energy-momentum no longer
have a classical form in presence of non vanishing spin.
Whereas D has a classical form in terms of momenta and
positions (10)
D = P ρ ·Xρ (16)
this is not the case for angular momentum (12). The
redshift of Pν under the transformation to accelerated
frame Cµ thus depends on spin [34] whereas the redshift
of mass has a classical form, as a consequence of transver-
sality (13) of spin
(Cµ, Pν) = 2 (ηµνP
ρ ·Xρ − Pµ ·Xν + Pν ·Xµ − Sµν)(
Cµ,M
2
)
= 4M2 ·Xµ (17)
This mass shift is proportional to mass itself and to the
position measured along the direction of acceleration,
which is the form expected for the potential energy of
a mass in a constant gravitational field [35]. Einstein
redshift law is thus recovered for the quantum shift of
mass written in terms of quantum space-time observ-
ables. This property may in fact be used to define space-
time observables [34]. We can also remind that the shifts
of observables Xµ under transformations to accelerated
frames do no take a classical form, and this is already
true for spinless systems [33].
The commutators of different position components
provide a further illustration of the changes that have
to be performed to shift from a classical to a quantum
description of localisation in space-time. It indeed re-
sults from conformal algebra (5) that different position
components do not commute except for spinless systems
(Xµ, Xν) =
Sµν
M2
(18)
Positions and spin do not commute either
(Sµ, Xν) =
PµSν
M2
(19)
The commutator (18) clearly indicates that the concepts
originating from classical relativity have to be modified
in a quantum framework. Space-time observables differ
from mere coordinate parameters and frame transforma-
tions from changes of coordinate maps, since the former
are directly related to relativistic symmetries and the lat-
ter to conventional parametrizations [39].
The existence of a covariant definition (10) for space-
time observables is alluded to in the book of Barut and
Raczka [40]. The physical interest of this definition is
questionned because covariant commutation relations do
not seem to be compatible with the usual laws of mo-
tion. The time component X0 cannot be identified with
the time parameter used in standard quantum formalism
and it appears difficult in these conditions to design a
canonical Hamiltonian formalism. In the context of the
present paper, we may notice a further difficulty raised by
the non-commutativity of position components, namely
that it might be uneasy to link the shifts of observables
with the differential laws typical of classical relativity.
To address these difficulties, we first emphasize once
more that the time operator X0 is a localisation observ-
able, that is precisely the date associated with an event.
This observable clearly differs from any kind of evolution
parameter in particular because the date associated with
an event is a conserved quantity, that is a quantity pre-
served by evolution [33]. More profoundly, we show in
the next sections how to bypass the objections discussed
in the previous paragraph. We first derive laws which
generalise the differential laws of classical relativity. We
then design a canonical representation of localisation ob-
servables which is fully equivalent to the covariant repre-
sentation.
IV. QUANTUM CONFORMAL FACTOR
In classical relativity, each map deformation is asso-
ciated with a change of the metric tensor. For con-
formal transformations, this change reduces to a point-
dependent rescaling which is deduced from the map de-
formations (1)
∂δν
∂xµ
+
∂δµ
∂xν
= −2ηµνλ(x)
λPν (x) = 0 λJνρ(x) = 0
λD(x) = −1 λCν (x) = −2xν (20)
This is because of this conformal character that these
transformations preserve the velocity of light as well as
the propagation of massless fields [16]. Notice that the
classical expressions (20) are written in terms of classi-
cal coordinate parameters and are therefore not properly
defined from an operational point of view. This corre-
sponds to the well known fact that metric factors are not
relativistic observables [39].
We may however define a conformal factor pertaining
to the world of quantum observables. We indeed see by
direct inspection that the shift of the mass observable
under the action of any conformal generator ∆ may be
written
(∆,M) = −M · λ(X) (21)
where λ(X) is the classical function λ evaluated in terms
of a quantum argument given by space-time positions X .
Mass is invariant under Poincare´ transformations while
it undergoes the expected space-independent shift under
dilatation. The shift of mass under transformations to
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accelerated frames is proportional to the position mea-
sured along the direction of acceleration, in consistency
with Einstein’s redshift law.
We show now that this quantum conformal factor may
also be defined from variations under translations of the
shifts of space-time observables, in conformity with the
differential definition (20) of classical relativity. To this
purpose, we first write that canonical commutators are
classical numbers which commute with any generator ∆
(∆, (Pµ, Xν)) = 0 (22)
In other words, these commutators are invariant under
frame transformations or, equivalently, the Planck con-
stant is constant like the velocity of light [29,30], not
only under Poincare´ transformations but also under di-
latation and conformal transformations to accelerated
frames. Jacobi identity then entails that space-time shifts
(∆, Xν) and energy-momentum shifts (∆, Pµ) are con-
nected through
((∆, Xν) , Pµ) = ((∆, Pµ) , Xν) (23)
Since (∆, Xν) is the shift of position, ((∆, Xν) , Pµ) is
the variation of this shift under a translation. It is thus
a quantum analog of the expression ∂δν
∂xµ
which appears
in the classical equation (20).
It is possible to strenghten this analogy by computing
the other double commutator ((∆, Pµ) , Xν) which has
the roles of positions and momenta interchanged. For
any generator ∆, the momentum shifts (∆, Pµ) are in-
deed given by conformal algebra (5) in terms of transla-
tions, rotations and dilatation only. For transformations
to accelerated frames in particular, the shift is read as
(Cρ, Pµ) = 2 (ηµρD + Jµρ) (24)
We also know that the commutators (11) of translations,
rotations and dilatation generators with the observables
Xν have a classical form, so that
((Cρ, Pµ) , Xν) = 2 (−ηµρXν − ηµνXρ + ηνρXµ) (25)
This is the classical function which already appears in
(20) but now evaluated for a quantum argument corre-
sponding to the position observables X . For any genera-
tor ∆ more generally, the following results are obtained
((∆, Pµ) , Xν) = −
∂δν
∂xµ
(X)
((∆, Xν) , Pµ) = −
∂δν
∂xµ
(X) (26)
We have used (23) to deduce the second line from the
first one. Quantum analogs of the definition (20) of the
conformal factor are now obtained by symmetrising the
last expressions in the exchange of the two indices
((∆, Pµ) , Xν) + ((∆, Pν) , Xµ) = 2ηµνλ(X)
((∆, Xν) , Pµ) + ((∆, Xµ) , Pν) = 2ηµνλ(X) (27)
At this stage, it is worth reminding that the shifts of
space-time and momenta observables under transforma-
tions to uniformly accelerated frames differ from the rules
derived from classical relativity. Meanwhile the com-
mutators with space-time observables cannot be writ-
ten as differential forms because the position compo-
nents do not commute in the presence of a non-vanishing
spin. Although these expressions differ from their classi-
cal analogs, they are nevertheless dictated by conformal
algebra. It is in fact a remarkable output of conformal
symmetry that the expressions which determine the met-
ric factor may be brought in such a simple manner from
the classical to the quantum domain.
Moreover, the relativistic transformations of space-
time and energy-momentum scales are now consistently
obtained in the quantum domain from the same com-
mutation relations. In the particular case µ = ν = 0,
the first line of (27) is related to variations of redshift
of energy-momentum while the second one is related to
variations of shifts of space-time observables. Both rela-
tions are written in terms of the classical function λ which
represents the metric factor in classical relativity. They
thus constitute non trivial statements about the relativis-
tic transformation of the quantum observables associated
with space, time, energy and momentum. These proper-
ties have been derived from conformal symmetry and do
not rely on any further assumption, like the “clock hy-
pothesis” of classical relativity [41]. Conformal symme-
try is sufficient to force properly defined time observables
to have their relativistic transformations determined by
the metric factor. To be precise, this behaviour has been
demonstrated here for transformations to uniformly ac-
celerated frames. This discussion also means that the
conformal factor may be deduced from measurements of
field quantities, although propagation of electromagnetic
field is known to be insensitive to a conformal variation
of the metric tensor.
V. CANONICAL REPRESENTATION
We show in the present section that the covariant for-
mulation of localisation observables that we have dis-
cussed up to now may be given a canonical represen-
tation.
The problem of representing the position of the cen-
ter of mass of a system by a quantum operator has been
early addressed [4,5]. A momentum representation of
localised quantum states has been used to derive differ-
ential expressions of spin and position consistent with
canonical commutation rules [6]. Operators representing
spin and commuting positions with canonical commuta-
tors have also been obtained [7]. These definitions, based
on purely spatial representations of quantum observables,
with time playing the role of an additional parameter,
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were designed to develop a Hamiltonian formalism. Al-
though these definitions seem to preclude the possibil-
ity of Lorentz invariant commutation relations, we now
derive canonical operators from their covariant counter-
parts, showing that both schemes are equivalent. It will
turn out that the canonical formulation not only involves
spatial positions and spin components but also a proper
time operator conjugate to mass.
The canonical spin may be thought as a representa-
tion of spin observables in a center of mass frame [7],
that is a frame where momentum has vanishing spatial
components. The different spin components can then be
rewritten using the transversality property (13)
σj = Sj −
Pj
P0 +M
S0 σ
jσj = S
µSµ (28)
or, conversely,
S0 = −
P j
M
σj Sj = σj +
Pj
P0 +M
S0 (29)
Usual notation σj is used for canonical spin variables,
with roman characters denoting spatial indices only.
Signs have to be manipulated with care since ηij is still
used for raising or lowering indices. The canonical spin
components commute with energy-momentum
(Pµ, σj) = (M,σj) = 0 (30)
and their commutation relations may be brought to the
usual canonical form
(σi, σj) = −ǫijkσ
k ǫijk ≡ ǫ0ijk (31)
The canonical positions may be understood as the spa-
tial positions of the center of energy of the system. For
spinless systems, the position of center of energy is well
known to be given by the boost generators, that is the
components J0j of angular momentum [15]. For a non
vanishing spin, canonical position components have the
generalised form
ξj =
1
P0
· J0j −
MS0j
P0 (P0 +M)
(32)
Position components have vanishing commutators be-
tween themselves as well as with canonical spin compo-
nents
(ξi, ξj) = 0, (ξi, σj) = 0 (33)
Furthermore, they have canonical commutators with mo-
menta while commuting with mass
(Pi, ξj) = −ηij, (M, ξj) = 0 (34)
The expressions of Poincare´ generators in terms of canon-
ical variables constitute quantum generalisations of Ein-
stein’s relation between Lorentz boosts and spatial posi-
tions [15]
Jij = Pi · ξj − Pj · ξi − ǫijkσ
k
J0i = P0 · ξi − ǫijk
σkP j
P0 +M
P0 =
√
M2 + PjPj (35)
The previous canonical observables have been obtained
from the Poincare´ generators only. In contrast, the defi-
nition (10) of covariant positions requires the presence of
an additional generator, namely the dilatation D. This
further generator is necessary to obtain the localisation
time X0. It is also equivalent to the introduction of a
further canonical observable besides the canonical spa-
tial positions
D = P j · ξj +M · τ (36)
The new time operator τ is seen to commute with all
previous canonical observables, i.e. spatial positions ξj,
momenta Pi and spin components σj
(τ, ξi) = (τ, Pi) = (τ, σi) = 0 (37)
but to be conjugate to the mass observable
(M, τ) = −1 (38)
There follows that the covariant positions can be rewrit-
ten in terms of equivalent canonical variables including,
besides spatial positions and momenta, the mass M and
the proper time τ
Xj = ξj +
Pj
M
· τ + ǫjik
σkP i
M(P0 +M)
X0 =
P0
M
· τ (39)
Precisely, mass observable M is the translation operator
along the direction of momentum while τ is the proper
time measured along the same direction.
We have been able to build a canonical formulation
equivalent to the covariant one. This formulation in-
cludes the definition of a canonical time operator conju-
gate to the mass observable [42]. It allows us to introduce
differential notations for representing commutators with
canonical variables
∂F
∂ξj
≡ − (Pj, F )
∂F
∂Pj
≡
(
ξj, F
)
∂F
∂τ
≡ − (M,F )
∂F
∂M
≡ (τ, F ) (40)
It was not possible to define such differential notations
for covariant observables because of the ambiguities as-
sociated with the non-commutative character of posi-
tion components. It is important to emphasize that the
proper time is, as the other localisation observables, a
conserved quantity. Hence, equations involving the sym-
bol ∂
∂τ
must not be confused with evolution equations.
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They rather represent relativistic shifts in frame trans-
formations corresponding to a translation along the di-
rection of momentum. It is worth keeping this precision
in mind when comparing the results obtained here with
standard Hamiltonian formalism.
As an important application of the canonical repre-
sentation of observables, we now introduce velocities as
derivatives of space-time observables versus proper time
Vµ ≡
∂Xµ
∂τ
= − (M,Xµ) (41)
It follows from the canonical commutator (11) that mo-
menta are related to velocities in a quite simple manner
Pµ =MVµ (42)
The commutation of mass with momenta may then be
read as a quantum version of the law of inertia
∂Pµ
∂τ
= M
∂Vµ
∂τ
=M
∂2Xµ
∂τ2
= 0 (43)
This suggests to reconsider the problem of motion in a
quantum formalism with the help of the principles of
symmetry and, particularly, of conformal symmetry.
VI. CONCLUSION
The localisation of an event is space-time may be
characterised by position quantum observables which
transform covariantly under Lorentz transformations,
and which obey Lorentz covariant commutation relations
with momenta. Such position observables have their
commutators determined by the spin components. The
Lorentz covariant observables may be represented equiva-
lently by canonical operators, at the expense of giving up
explicit Lorentz covariance. Canonical observables sat-
isfy usual canonical commutation relations, provided a
proper time observable conjugate to the mass observable
is included in the canonical representation. The shifts of
covariant observables under transformations to acceler-
ated frames are closely connected to each other as well
as to the quantum conformal factor.
These results have been obtained as consequences of
conformal invariance of massless field theories. In partic-
ular, space-time observables have been defined for elec-
tromagnetic field states consisting in two photons. As
emphasized in the Introduction, these states may be pro-
duced by a quantum event such as the annihilation of an
e
+−e− pair into a pair of photons. Energy-momentum
variables are conserved in the process and characterize
the e+−e− state as well as the state of the two emitted
photons. It is thus clear that the space-time positions
defined as the point of coincidence of the two electro-
magnetic pulses produced by the event, is an image of the
space-time position of the annihilation process. This def-
inition thus enters the general framework of space-time
localisation but it may be applied to massive as well as
massless objects. As a direct consequence of conservation
laws, the conformal variation of mass which has been es-
tablished for electromagnetic field states has to hold also
for massive objects. In particular, the mass of elementary
particles such as e− or e+ has to vary as the reciprocal
of the space-time scale under conformal transformations
to accelerated frames.
We are finally led to question not only the representa-
tion of localisation in space-time but also the represen-
tation of movement inherited from classical physics. To
illustrate this point, we consider again the annihilation
of an e+−e− pair and we assume that the two particles
are bound to each other as a positronium atom moving
along a given direction. The annihilation process may
occur at different positions in time, each of them corre-
sponding to a different space-time position in the theo-
retical framework of the present paper. The proper time
τ has been defined as a localisation observable, the vari-
ation of which describes a translation along the direction
of motion. Different values of the proper time variable
may therefore be used to distinguish between the differ-
ent events which may occur along the same trajectory.
The commutator of any observable with M may be un-
derstood as the derivative of this observable with respect
to τ . In particular, a quantum form of the law of inertia
is derived in this manner from conformal symmetry.
This leads to a new conception of motion which is now
apprehended as a collection of events corresponding to
different positions in space-time. Bertrand Russell has
lucidly analysed this ‘atomistic’ conception of space-time
which is one of the most profound conceptual implica-
tions of relativistic theories [43]
The world which the theory of relativity
presents to our imagination is not so much
a world of ‘things’ in ‘motion’ as a world of
events.
Such a conception is demanded not only by relativistic
arguments discussed by Russell, but also by the neces-
sity of defining well behaved quantum observables. In
our opinion, it is quite remarkable that the conformal
symmetry, a natural extension of Lorentz symmetry, al-
lows to lay down the foundations of a theoretical frame-
work which has the ability of dealing satisfactorily with
relativistic as well as quantum requirements.
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